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Nonlinear Spin Polarized Transport Through a Quantum Dot
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We present a theoretical analysis of the nonlinear bias
and temperature dependence of current-voltage characteris-
tics of a spin-valve device which is formed by connecting a
quantum dot to two ferromagnetic electrodes whose magnetic
moments orient at an angle θ with respect to each other.
The theory is based on nonequilibrium Green’s function ap-
proach and focused on current perpendicular to plane geom-
etry. Coulomb interaction has been taken into account ex-
plicitly at the Hartree level. We derive a formula in closed
form for current flowing through the device in general terms
of bias and temperature. In the wideband limit we report
exact results for the TMR junction nonlinear I-V curve as a
function of θ. We also report the conductance slope at zero
bias as a function of temperature for which experimental re-
sults reported an anomalous behavior.
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I. INTRODUCTION
Due to the exciting perspective of magnetoelectron-
ics where coherent charge and polarized spin are both
utilized for electronic device functions1, quantum trans-
port properties of systems with a magnetic character
have attracted extensive attention. The well known giant
magnetoresistance effect (GMR) is such a spin-polarized
electronic transport effect2,3, using which a GMR device
changes its resistance depending on the orientation of
magnetic moments of the magnetic multi-layers forming
the device. A GMR system is fabricated by sandwiching
non-magnetic metal layer between two magnetic layers2,
and further extensions or variations of this structure can
produce many other device functions, including the spin-
valve transistor4, spin selective electron interferometer5,
and nonvolatile RAM6. While GMR is perhaps one of
the most fruitful areas of fundamental research which
has already produced substantial application with huge
commercial value, an entirely different approach, also ex-
ploiting spin-polarized transport, is the tunneling mag-
netoresistance (TMR) where an insulating (I) material
layer is sandwiched in between two ferromagnetic (FM)
layers7, forming a FM/I/FM structure. One important
attraction of a TMR device is that it carries lower current
than the metallic GMR system, hence TMR can be, in
principle, more advantageous for portable devices. Due
to the reported room temperature operation of TMR8,
the fundamental principle and various transport charac-
teristics of TMR devices have been the subject of increas-
ingly more research, and will be the topic of the present
work.
Tunneling of spin-polarized electrons through the
TMR structure gives a large tunneling magnetoresistance
(TMR) through the spin-valve effect7,9. The spin valve
effect is characterized by the fractional change of resis-
tance κ ≡ ∆R/R, where ∆R is the difference in resis-
tance when magnetization of the two ferromagnetic met-
als are in parallel or anti-parallel. In the original ex-
periment of Julliere on Co/Ge/Fe, κ was determined
to be about 14% at 4.2K temperature at zero external
bias voltage, and it dropped to 1% when bias was in-
creased to a few meV. More recently, large TMR was
reported8,10 to persist at room temperature where κ is
about 11.8% for CoFe/Al2O3/Co at small bias. Again,
in this device κ decreases drastically when the voltage
increases8,10. These experimental results clearly point
to the need of a thorough theoretical understanding of
the bias as well as temperature dependence of TMR.
On the theoretical side, TMR has been investigated by
many authors. Zhang et.al. have considered11 TMR us-
ing a transfer matrix and calculated the tunnel conduc-
tance and magnetoresistance of a FM/I/FM system with
an oscillatory but decaying bias voltage dependence of
TMR resulting from quantum resonance. Bratkovsky12
investigated a similar system and compared cases with
or without impurity scattering. Barnas´ and Fert in-
vestigated magnetoresistance oscillations due to charg-
ing effects13; Zhang et.al.14 investigated the zero-bias
anomaly of the experimental data8 and provided an ex-
planation that the anomaly is due to localized spin exci-
tations at the barrier-electrode interface; and a number
of studies11,12,15–17 were devoted to improve the origi-
nal TMR model of Julliere7. Very recently, the nonlinear
bias dependence of an interesting TMR device in the form
of FM/I/FM/I/FM was investigated theoretically18.
Due to the relative magnetic moment orientation of the
three FM layers as well as the quantum well formed by
the two insulating layers, various very interesting TMR
behavior can be expected18.
The purpose of this work is to further investigate TMR
effect as a function of external bias as well as temperature
in a FM/I/FM device structure, where we pay special
attention to the internal Coulomb potential due to inter-
actions. For a quantum device subjected to an external
bias voltage, the internal potential build-up can be an
important factor determining transport characteristics at
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the nonlinear regime19, and this has not been included in
previous analysis Ref. 11,12,18,14 of the bias dependence
of TMR. There, external bias potentials are included non-
self-consistently through Fermi functions of the electron
reservoirs. In this paper we present a theory for TMR
junctions based on the nonequilibrium Green’s function,
where the internal potential is solved self-consistently at
the Hartree level. In particular we derive a general ex-
pression for the electric current flowing through the TMR
device in terms of external bias, temperature, and the
angle θ between the magnetic moments of the two FM
electrodes. Due to the inclusion of the internal Coulomb
potential into the theory, the predicted results are gauge
invariant against the shift of the external bias — which
is a fundamental requirement of any transport theory. In
the wideband limit and applying the charging model for
the internal potential, we further derive an analytic ex-
pression of angular dependence of the I-V curve at zero
temperature. The temperature dependence of TMR is
then studied via a numerical integration of our analyti-
cal formula. Finally, in the weakly nonlinear regime our
theory allows predictions of the slope of the TMR near
zero bias, where experiments8 showed a dip of magneto-
conductance at low temperatures. Our results showed
that the slope smoothly crosses over from a finite value
at low temperature to zero at high temperature.
The rest of this paper is organized as follows. In section
II, we present the general theory by deriving a current ex-
pression for TMR junctions. In section III, we apply this
current expression for various situations, and a summary
is given in section IV.
II. GENERAL THEORETICAL FORMULATION
The TMR device we examine is schematically shown
in the inset of Fig. (1a). It consists of a quantum dot
connected by two ferromagnetic electrodes to the outside
world. The magnetic moment M of the left electrode is
pointing to the z-direction, the electric current is flowing
in the y-direction, while the moment of the right elec-
trode is at an angle θ to the z-axis in the x − z plane.
In second quantized form this device is described by the
following Hamiltonian,
H = HL +HR +Hdot +HT (1)
where HL and HR describe the left and right electrodes
where a DC bias potential is applied,
HL =
∑
kσ
(ǫkL + σM) c
†
kLσckLσ (2)
HR =
∑
kσ
[(ǫkR + σM cos θ) c
†
kRσckRσ
+
∑
kσ
M sin θ [c†kRσckRσ¯ ] . (3)
In Eq. (1), Hdot describes the quantum dot
Hdot =
∑
nσ
ǫnd
†
nσdnσ . (4)
HT models the coupling between electrodes and the
quantum dot region (the scattering region) with hopping
matrix Tkαn. For simplicity we shall assume the hopping
matrix to be independent of spin index, thus
HT =
∑
kαnσ
[Tkαn c
†
kασdnσ + c.c.] . (5)
In these expressions ǫkα = ǫ
0
k + qVα with α = L,R; c
†
kασ
(with σ =↑, ↓ or ±1 and σ¯ = −σ) is the creation operator
of electrons with spin index σ inside the α-electrode. Sim-
ilarly d†nσ is the creation operator of electrons with spin σ
at energy level n for the quantum dot region. In writing
down Eqs.(2) and (3), we have made a simplification that
the value of molecular fieldM is the same for the two elec-
trodes, thus the spin-valve effect is obtained9 by varying
the angle θ. Essentially, M mimics the difference of den-
sity of states (DOS) between spin up and down electrons9
in the electrodes. Finally, due to electron-electron inter-
actions an internal potential build-up U(r) is induced
inside the quantum dot region. Hence the actual Hamil-
tonian of the quantum dot is Hdot + qU .
To proceed, we first apply the following Bogliubov
transformation20 to diagonalize the Hamiltonian of the
right electrode,
ckRσ → cos(θ/2)CkRσ − σ sin(θ/2)CkRσ¯ (6)
c+kRσ → cos(θ/2)C
+
kRσ − σ sin(θ/2)C
+
kRσ¯ (7)
from which we obtain the effective Hamiltonian
Hα =
∑
kσ
[(ǫkα + σM)C
†
kασCkασ (8)
HT =
∑
knσ
[TkLnσ C
†
kLσdnσ + TkRnσ(cos
θ
2
C†kRσ
− σ sin
θ
2
C†kRσ¯) dnσ + c.c.] . (9)
The electric current flowing the TMR device modeled
by Eqs. (1, 8, 4, 9) can be written, following the deriva-
tions of Ref. 21 and extending it to include spin depen-
dent scattering, in terms of the Green’s functions of the
quantum dot (h¯ = 1),
Iα = iq
∫
(dE/π)Tr {−2Im(Σrα)
×
[
(Gr −Ga)fα +G
<
]}
(10)
where fα ≡ f(E − qVα) and the trace is over both
the state index and spin index. Here Gr(E,U) is the
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2× 2 matrix in spin space for the retarded Green’s func-
tion with U(r) the electro-static potential build-up inside
quantum dot region. In Hartree approximationGr(E,U)
is given by
Gr(E,U) =
1
E −Hdot − qU −Σr
(11)
where the self-energy Σr ≡ ΣrL(E− qVL)+Σ
r
R(E− qVR)
is also a 2× 2 matrix in spin space, which describes cou-
pling of the quantum dot region to the two magnetic
electrodes. The detailed analysis of self-energy is given
in the Appendix and the result is written as
Σrα(E) = Rˆα
(
Σrα↑ 0
0 Σrα↓
)
Rˆ†α (12)
with the rotational matrix Rˆα for electrode α defined as
Rˆ =
(
cos θα/2 sin θα/2
− sin θα/2 cos θα/2
)
. (13)
Here angle θα is defined as θL = 0 and θR = θ and Σ
r
ασ
is given by
Σrασmn =
∑
k
T ∗kαmTkαn
E − ǫkασ + iδ
(14)
The lesser Green’s function G< in Eq. (10) is
calculated21 through the Keldysh equation G< =
GrΣ<Ga with the self energy Σ< = Σ<L (E − qVL) +
Σ<R(E − qVR) given by the following expression at equi-
librium,
Σ<α (E) = ifαRˆα
(
Γα↑ 0
0 Γα↓
)
Rˆ†α (15)
where Γασ = −2Im(Σ
r
ασ) is the linewidth function.
Using Keldysh equation and the explicit self-energy ex-
pressions (12,15), after tedious but straightforward ma-
nipulations one can confirm that Eq.(10) becomes
Iα =
2q
π
∫
dE
∑
β 6=α
Tr
[
Im(Σrα)G
rIm(Σrβ)G
a
]
(fα − fβ) .
(16)
Note that the same form of current expression is true for
systems without spin dependent scattering22. But with
such scattering, the trace is over states as well as spin
variables. Eq. (16) is the basis for our further analysis.
Before presenting the results for the Green’s function
Gr, it is worth to emphasize that it is now explicitly de-
pendent on the internal potential landscape through the
Hartree potential U(r). This is an extension to the previ-
ous NEGF analysis21,23,24 and it allows us to investigate
TMR within gauge invariance requirement. At Hartree
level U(r) is determined by the self-consistent Poisson
equation
∇2U = 4πiq
∫
(dE/2π)
∑
σ
(G<(E,U))σσ . (17)
Eq. (17) is a nonlinear equation because Gr,a depends
on U(r) by Eq.(11). Hence in this theory there is a need
to self-consistently solve the coupled equations of Gr,a
and U(r). This presents some analytical difficulties (see
next section).
Eqs. (16,11,17) completely determine the nonlinear I-
V characteristics of multi-probe TMR junctions. It is
not difficult to directly prove that the current expression
Eq.(16) is gauge invariant: shifting the potential at all
the electrodes by a constant ∆V , Vα → Vα + ∆V , Iα
from Eq. (16) remains the same.
From now on we focus on the two-probe TMR device
of the inset of Fig. (1a) for which IL = −IR = I. After
expanding the spin part of the trace in Eq. (16), we
obtain the final expression of electric current for the TMR
device,
I =
q
2π
∫
dETr [
ΓL↑G
r
11(ΓR↑ cos
2 θ
2
+ ΓR↓ sin
2 θ
2
)Ga11
−ΓL↑G
r
12(2ΓL↓ + ΓR↓ cos
2 θ
2
+ ΓR↑ sin
2 θ
2
)Ga12
−ΓL↓G
r
21(2ΓL↑ + ΓR↑ cos
2 θ
2
+ ΓR↓ sin
2 θ
2
)Ga21
+ ΓL↓G
r
22(ΓR↓ cos
2 θ
2
+ ΓR↑ sin
2 θ
2
)Ga22
]
(fR − fL) . (18)
In this result, the 2 × 2 Green’s function matrix Gr is
determined by the usual method of equation of motion21.
For our Hamiltonian the equation of motion can be solved
exactly through straightforward algebra, and they are
found to be:
Gr11 ≡ G
r
↑↑ =
A↓
A↑A↓ −B2
(19)
Gr12 ≡ G
r
↑↓ = G
r
21 ≡ G
r
↓↑ =
B
A↑A↓ −B2
(20)
Gr22 ≡ G
r
↓↓ =
A↑
A↑A↓ −B2
(21)
where Aσ and B are defined as
Aσ = E −Hdot − qU − Σ
r
σ (22)
B =
i
2
(ΓR↓ − ΓR↑) sin
θ
2
cos
θ
2
. (23)
Before finishing this section, we note that Eqs. (18,
19, 20, 21, 17) form the basis for numerical calculations
of TMR I-V curves beyond what has been done before,
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since it is a gauge invariant formula. In a typical numeri-
cal analysis, one computes Green’s functions Gr and the
coupling matrix Γ using tight-binding models22; and the
Poisson equation can be solved using very powerful nu-
merical techniques25. Numerical analysis of these expres-
sions is beyond the scope of this paper and in the next
section we attempt to obtain the I-V characteristics via
analytic means.
III. APPLICATIONS
As discussed in the last section, the spin dependent
nonlinear I-V characteristics of the TMR device is ob-
tained by self-consistently solving Eqs. (18,19, 20, 21,
17). Due to complexity of this problem, some reasonable
approximations need to be made. In particular we will
present applications of our theory from two approxima-
tions. First, instead of solving the Poisson equation (17)
for U(r) analytically which is perhaps impossible to do,
we will parameterize U in terms of related geometrical ca-
pacitance. This is the discrete potential approximation
commonly used in theoretical analysis26,24. This analy-
sis allows us to calculate general nonlinear I-V curves at
various temperature and qualitatively compare with the
experimental observations. Second, at weakly nonlinear
regime, the bias voltage is finite but small hence one can
expand the entire current formula in terms of bias order
by order. In this case the Poisson equation can be di-
rectly solved to yield a spatially varying U(r). At weakly
nonlinear regime, we calculate the second order nonlinear
conductance which is the slope of the I-V curve at zero
bias. Experimentally8 one observes a finite slope at low
temperature, while zero slope at high temperature.
A. TMR I-V curves and ratios
To obtain a general qualitative behavior of the I-
V curves, we shall simplify the current formula (18)
using the discrete potential approximation. In this
approximation26,27 one assumes that U(r) = Uo is a con-
stant that provides a shift to the band bottom of the
quantum dot due to Coulomb interactions. To solve for
Uo, we introduce geometrical capacitance coefficients C1
and C2 between the electrodes and the quantum dot. The
total charge ∆Q in the quantum dot is given by the right
hand side of Eq. (17), and we parameterize ∆Q using C1
and C2,
∆Q = −
i
2π
∫
dETr
[
G<(E,U0)−G
<
0
]
= C1 × (U0 − V1) + C2 × (U0 − V2) . (24)
Hence by evaluating the energy integration and using C1,
C2 as input parameters, one obtains Uo.
The explicit expressions for the Green’s functions and
hence the current (18) and charge (24), can be derived in
the wideband limit21 where the coupling matrix Γ is inde-
pendent of energy. In this limit the energy integrations
of (18, 24) can be completed. For instance, assuming
ΓLσ = ΓRσ ≡ Γσ, at zero temperature we obtain the I-V
curve of the TMR device to be,
I =
∑
σ
pσ
(
arctan
2E1
Γ + σ∆Γcos θ/2
− arctan
2E2
Γ + σ∆Γcos θ/2
)
(25)
where Γ = Γ↑ + Γ↓, ∆Γ = Γ↑ − Γ↓, Eα = EF − E0 −
qU0 + qVα, and
pσ = −
q
4πΓ
(Γ2 + σΓ∆Γ cos
θ
2
−∆Γ2 sin2
θ
2
) .
The internal potential Uo is determined by the following
equation obtained by evaluating the charge ∆Q at the
wideband limit,
∑
ασ
[
arctan
2Eα
Γ + σ∆Γcos θ/2
− arctan
2(EF − E0)
Γ + σ∆Γcos θ/2
]
=
2π
q
[C1(U0 − V1) + C2(U0 − V2)] . (26)
To get physical insight we plot the I-V characteristics at
different temperature parameter β and magnetic moment
orientation θ. We have chosen Γ↑ = 1.0, Γ↓ = 0.4, C1 =
C2 = 0.5 and EF −E0 = −2 (units set by h¯ = e = 2m =
1).
Fig.(1a) shows I-V curves at zero temperature β =∞
for different orientations θ = 0 (solid line), 0.4π (dot-
ted line), and 0.8π (dashed line). Clearly current in-
creases as the junction bias increases. When θ = 0, i.e.
when magnetic moment of the left and right electrodes
are parallel, the current is largest at all bias voltages.
When θ = π for which the moments are anti-parallel,
the current is the smallest. This is a well known result
for TMR junctions at zero bias9, but it holds at finite
bias as well. This behavior can be seen more clearly in
Fig.(1b) where we plot current versus angle θ at differ-
ent bias ∆V = (V1 − V2) = 2, 5, 8, 11, 14. For all cases
I is minimum at θ = π. When temperature is nonzero
the energy integration of Eq. (18) cannot be completed
analytically thus we integrate it numerically assuming
phonons can be neglected. Fig. (2) plots current versus
θ at different temperatures β = 1, 0.5, 0.2. The current
is sensitively dependent on temperature and decreases
substantially when temperature is increased (smaller β
corresponds to higher temperature). This is consistent
with previous experimental findings7,8.
To calculate tunneling magnetoresistance ratio, we use
the definition of Ref. 18 which defines a nonlinear re-
sistance R = 1/G ≡ V/I and TMR ratio ≡ (R(0) −
4
R(π))/R(0). The TMR ratio versus voltage is presented
in Fig.(3) where two curves corresponding to β = ∞
and β = 1 are plotted respectively. At zero temper-
ature, a large TMR ratio (about 30%) drops quickly
as the voltage is increased, a trend agrees with exper-
imental findings7,8. At small voltages, the TMR ratio
is much lower for higher temperature, also in agreement
with experimental results8. We note that the theoretical
values of the TMR ratio, about 34% at low tempera-
ture, are much larger than the measured values10 (about
27% at 77K), due to our choice of ideal model and sys-
tem parameters. But the qualitative trend of these re-
sults are consistent. The TMR minimum in Fig. (3)
is due to quantum resonance, as was also seen in previ-
ous studies11. Finally, we note that experimental data
of TMR as a function of bias is a slight concave-shaped
curve near zero bias, but that of our model, as well as of
others12,11,18, are slightly convex. Thus the decay rate of
TMR is faster in the measured data10, which indicates
that other physical mechanisms14 absent in the present
model are perhaps needed to quantitatively understand
the experimental data.
B. Conductance dip at zero bias
Experimental results on TMR junctions of Ref. 8
showed that there is a clear conductance dip at zero bias
at low temperature, a slight dip at intermediate temper-
ature, and perhaps no dip at high temperature. This
anomaly may be associated with a number of device de-
tails such as the presence of impurities, localization, and
scattering. In this section we will examine the zero-bias
conductance dip as a function of temperature.
The slope of conductance versus bias is the sec-
ond order nonlinear conductance coefficient Gαβγ ≡
d2Iα/dVβdVγ evaluated at zero bias voltages Vβ → 0,
Vγ → 0. We apply a weakly nonlinear analysis of Gαβγ
in which all quantities of interest are expanded order by
order in bias voltage. This way one can directly solve the
Poisson equation (17) without using the discrete poten-
tial approximation: we seek the solution of U(r) in the
following form,
U = Ueq +
∑
α
uαVα +
1
2
∑
αβ
uαβVαVβ + ... (27)
where Ueq is the equilibrium potential and uα(r), uαβ(r)
are the characteristic potentials19,28. It can be shown
that the characteristic potential satisfy the following sum
rules19,28
∑
α uα = 1 and
∑
β uαβ = 0. ExpandingG
< of
Eq. (17) in power series of Vα, from the Poisson equation
(17) one can derive equations for all the characteristic
potentials. In particular the expansions are facilitated
by Dyson equation to the appropriate order29:
Gr = Gr0 +G
r
0(qU − qUeq)G
r
0 + · · ·
with Gr0 the equilibrium retarded Green’s function, i.e.,
when U = Ueq. At the lowest order we obtain
30
−∇2uα(r) = −4πq
2 dn(r)
dE
uα(r)
+ 4πq2
dnα(r)
dE
(28)
The first term on the right hand side of Eq. (28), which
depends on internal potential uα, describes the induced
charge density in the TMR junction. The second term of
Eq.(28) is the injectivity which corresponds to the charge
density due to external injection. Finally
dnα(x)
dE
= −2
∑
σ
∫
dE
2π
(−∂Ef)[G
r
0ImΣ
r
αG
a
0 ]σσ (29)
and
dn
dE
=
∑
α
dnα
dE
(30)
are the local density of states. Once the characteristic
potential is obtained from Eq.(28), the the second order
nonlinear spin dependent conductance Gαβγ is given by
Gαβγ = −
2q3
2π
∫
dE(−∂Ef)Tr [(G
a
0ImΣ
r
αG
r
0G
r
0
+ Ga0G
a
0ImΣ
r
αG
r
0)(ImΣ
rδαγ − ImΣ
r
γ)(2uβ − δβγ)
]
(31)
where uβ in Eq.(31) is a 2× 2 diagonal matrix.
The conductance slope at zero bias which has been
measured in the experiments of Ref. 8,10 is given by
G111, since G111 is the slope of dI/dV at zero bias.
To simplify discussion we consider G111 near a resonant
point where the Green’s function is given by Gr0,11 =
1/(EF −E0 + iΓ↑/2) and G
r
0,22 = 1/(EF − E0 + iΓ↓/2).
In addition, apply the quasi-neutrality approximation31
we have u1 = (dn1/dE)/(dn/dE). Thus expression (31)
is easily calculated. In Fig. (4) we plot G111 as a func-
tion of temperature at EF = 2.5 while E0 = 3.0. As
the temperature is increased (β decreases), G111 goes to
zero smoothly. Our model thus indicates that conduc-
tance slope G111 is nonzero at small temperature, and it
diminishes to zero at high temperatures, consistent with
experimental results8. Our result also indicates that the
crossover from a finite slope to zero slope as a function
of temperature is smooth, as shown in Fig. (4).
IV. SUMMARY
In this paper, quantum transport properties of a meso-
scopic conductor connected to two metallic ferromag-
netic electrodes have been studied theoretically. We de-
rived self-consistent equations which completely deter-
mine nonlinear I-V characteristics of the TMR device.
Our theory is gauge invariant due to the inclusion of
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long-range Coulomb potential. In the wideband limit
the nonlinear I-V curves and the TMR ratio at different
temperature and magnetic moment orientation θ are cal-
culated and our results are qualitatively consistent with
the experimental measurements. We were also able to in-
vestigate the conductance slopes at zero bias for various
temperatures, where experimental measurements showed
an anomaly. Experimental measurements8 gave data for
a few temperatures, and our result shows that it is a
smooth crossover from a finite slope to zero slope as tem-
perature is increased. Finally, in this paper we concen-
trated on analytical predictions where several commonly
used approximations were applied. Our results indicate
that to completely explain all the anomalies in measured
data of TMR, some further physical effects, which are
neglected so far, may have to be included.
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V. APPENDIX
In this appendix, we will derive the self-energy Σrα.
For α = L, the self-energy can be written rather easily21
(ΣrL)mn,σσ′ =
∑
k
T ∗kLmTkLng
r
kLσδσσ′
where grkασ is the free retarded Green’s function for the
lead α. However, for α = R, the situation becomes
slightly complicated due to the spin-flip process. In the
following, we will use the Dyson equation to calculate the
self-energy function32. To facilitate the calculation, we
will define the following retarded Green’s functions,
Grmn,σσ′ (t1, t2) ≡ −iθ(t1 − t2)〈{dmσ(t1), d
+
nσ′(t2)}〉 (32)
Grkn,σσ′ (t1, t2) ≡ −iθ(t1 − t2)〈{CkRσ(t1), d
+
nσ′(t2)}〉 (33)
where m and n label the states in the quantum dot and k
labels the states in the lead. To illustrate the calculation
procedure, we consider Grmn,↑↑ for simplicity. By using
the Dyson equation
Gr = Gr0 +G
r
0Σ
rGr (34)
we obtain
Grmn,↑↑ = (G
r
0)mn,↑↑ +
∑
k,m′
(Gr0)mm′,↑↑Σ
r
m′k,↑↑G
r
kn,↑↑
+
∑
k
(Gr0)mm′,↑↑Σ
r
m′k,↑↓G
r
kn,↓↑ (35)
Using the Dyson equation again for the retarded Green’s
functions Grkn,↑↑ and G
r
kn,↓↑, we have the following rela-
tions
Grkn,↑↑ = g
r
kR↑Σ
r
km,↑↑G
r
mn,↑↑ + g
r
kR↑Σ
r
km,↑↓G
r
mn,↓↑ (36)
Grkn,↓↑ = g
r
kR↓Σ
r
km,↓↑G
r
mn,↑↑ + g
r
kR↓Σ
r
km,↓↓G
r
mn,↓↑ (37)
The self-energy matrix Σr has the following matrix
elements from Eq.(9): (Σr)m′k,↑↑ = cos(θ/2)T
∗
kRm′
, (Σr)m′k,↑↓ = − sin(θ/2)T
∗
kRm′ , (Σ
r)m′k,↓↑ =
sin(θ/2)T ∗kRm′ , (Σ
r)m′k,↓↓ = cos(θ/2)T
∗
kRm′ . From
Eqs.(35), (36), and (37), we obtain
Grmn,↑↑ = (G
r
0)mn,↑↑ +
∑
k,m′
(Gr0)mm′,↑↑(Σ
r
R)m′n′,↑↑G
r
n′n,↑↑
+
∑
k,m′
(Gr0)mm′,↑↑(Σ
r
R)m′n′,↑↓G
r
n′n,↓↑ (38)
with the corresponding self-energy functions (ΣrR)mn,↑↑
and (ΣrR)mn,↑↓ given by
(ΣrR)mn,↑↑ =
∑
k
T ∗kRmTkRn[g
r
kR↑ cos
2(θ/2)
+ grkR↓ sin
2(θ/2)] (39)
(ΣrR)mn,↑↓ =
∑
k
T ∗kRmTkRn[g
r
kR↓ − g
r
kR↑] sin(θ/2) cos(θ/2)
(40)
Similarly, we can obtain other self-energy functions
(ΣrR)mn,↓↑ =
∑
k
T ∗kRmTkRn[g
r
kR↓ − g
r
kR↑] sin(θ/2) cos(θ/2)
(41)
(ΣrR)mn,↓↓ =
∑
k
T ∗kRmTkRn[g
r
kR↑ sin
2(θ/2)
+ grkL↓ cos
2(θ/2)] (42)
Eqs.(39)-(42) are equivalent to Eq.(12).
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FIGURE CAPTIONS
Fig. (1) (a). The current I versus the voltage for different
orientation angles: θ = 0 (solid line), θ = 0.4π
(dotted line), θ = 0.8π (dashed line). Inset: the
schematic plot showing the TMR device considered
in this work. (b). The current I versus orienta-
tion θ at different bias v = 2, 5, 8, 11, 14. Other
parameters: Γ↑ = 1.0, Γ↓ = 0.4, C1 = C2 = 0.5,
EF − E0 = −2., and h¯ = e = 2m = 1.
Fig. (2) The current I versus the orientation θ at different
temperatures: β = 1 (solid line), β = 0.5 (dotted
line) β = 0.2 (dashed line). Here the voltage is
fixed at v = 2. The other parameters are the same
as those of Fig.(1).
Fig. (3) The TMR ratio versus the voltage. Solid line β =
∞ and dotted line β = 1. The other parameters
are the same as those of Fig.(1).
Fig. (4) The second order nonlinear conductance G111,
which is the slope of conductance at zero bias,
versus temperature parameter β. Other parame-
ters: Γ1↑ = 1.0, Γ1↓ = 0.4, Γ2↑ = 0.8, Γ2↓ = 0.2,
Ef = 2.5, and E0 = 3.
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